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INTRODUCTION

In this paper we extend the work in [2] on the existence and uniqueness of
hyperbolic splines on R! to double hyperbolic and higher-order generalized
splines, utilizing a new representation of a spline of interpolation, in terms
of several of its unknown derivatives at mesh points, rather than just one.
We also show how this approach may be applied to higher order polynomial
splines on R!. For the standard approach, see [1].

1. DouBLE HYPERBOLIC AND QUINTIC SPLINES ON R!

In this section we develop a technique, which we introduce by means of a
specific example, for calculating higher-order generalized splines on R'. We
consider the linear differential operator

L=DD—x)D P, aB+#0 a=ph,

and, without loss of generality, we take 0 < o < 8. We call S,(x) a double
hyperbolic spline on R for the uniform mesh 4 = {x; = jl:j =0, +1, +2,..}
if (i) on each mesh interval [x;, x;.;], Ss(x) satisfies L*LSs(x) = 0, and
(ii) S4(x) is CHRY. Furthermore, S,(x) is a double hyperbolic spline of
interpolation if, in addition, (iii)) Six;) =y;, j =0, &1, +2,...,, for
prescribed interpolation data { y;}. We have L*L = — D} D? — o?)(D?* — B?),
so on each mesh interval [x;, x;,4],

Sa(x) = ¢ + ¢'x + ¢4 sinh ax
+ ¢4 cosh ax + ¢, sinh Bx -+ ¢4 cosh Bx.
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Instead of attempting to express S, in terms of SU¥'(x;) and y; only, as is
standardly done for the quintic spline [1], we employ two unknowns
M, = S)(x;)and N; = S4¥(x,) in our representation of the double hyperbolic
(and quintic) spline on R. We get the following equations for the ¢/,
i=1,.,6,j=0,-+1, +2.., in terms of { y;}, {M;}, {N;}.

¢ + ¢o'x; + ¢ sinh ax; + ¢,/ cosh ax; + ¢ sinh Bx; + ¢ cosh Bx; = 15,
¢ =+ x5 + ¢4 sinh ax; .y + ¢, cosh ax;, + ¢ sinh 8x;,
+ ¢¢’ cosh Bx;.; = ¥,
aZcy’ sinh ax; -+ o?c,’ cosh ax; 4+ Bic,’ sinh Bx; + PPcs’ cosh Bx; = M,
a?ey sinh ax;,, + o¥c,’ cosh ax;,; + B2, sinh x;,, (1.
-+ Bcq’ cosh By = M.,
odey sinh ax; -+ ofey cosh ax; + Bic,’ sinh Bx; + Bicg’ cosh Bx; = N,
odey’ sinh axg,; + odey cosh ax;,, + Bic,’ sinh Bx;y,
+ Bieg’ cosh Bx; iy = Njy.
Solution of these results in the following representation for S, on [x;, x;.4].

Xjpp — X

S4x) = 3 (=) ya (S7L) o+ (2882 — o) sinh o/ sinh 1)1
M, [—(,94 — o) sinh o sinh B (—’&ﬂf—x) - B sinh B
- sinh a(x;,, — x) — o4 sinh of sinh B(x,., — x)]

M, [~(/34 — o) sinh of sinh B ( X r X ) + Btsinh B

-sinh a(x — x;) — o* sinh af sinh B(x — xj)] (1.2)
+ N, [(,82 — o?) sinh of sinh B/ (—x’“[;‘) — B2sinh B/

- sinh a(x;,; — X) + o2 sinh o/ sinh B(x;., — x)]
+ Ny [(;92 — o?) sinh af sinh B! (-x:l-’ff—) — B2sinh B/

-sinh a(x — x;) + a2 sinh of sinh B(x — x,-)],

for all j. By definition, S4(x;) = y;and S,, S, , and S{V are continuous at x; .
The two requirements that S, and S7 be continuous at x; lead to
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two equations in the two unknowns M, , N; for each j. In matrix form these
become

0 ¢ o
0 d d, dy d dy d, 0 - N, 0
0 ¢ ¢ ¢ ¢ ¢ ¢ O Myl " a |’
0 d, dy dy d, d dy O N, 0
(1.3)

where

¢; = [(B* — o) sinh of sinh B — «lB® sinh Bl + o8I sinh of]/%,

¢ = —2[(8* — &%) sinh ol sinh B/ — «lB* sinh I cosh of
+ a8l sinh of cosh BI)/%,

¢y = [—(B% — a?) sinh o/ sinh B/ + «lf? sinh Bl — o*Bl sinh ol]/¥,
¢ = —2[—(B? — o2 sinh ol sinh Bl 4 «lf?sinh Bl cosh af
— o?Bl sinh of cosh BI)/¥,

% = «2B%2(B — &) sinh ol sinh B,
dy = [—adf? sinh Bl + o2B! sinh ol]/2,
dy = —2[—alB?sinh Bl cosh «f + o?BI sinh al cosh BIl/2,
dy == [ad sinh Bl — Bl sinh ol]/2,
dy, = —2[al sinh Bl cosh ol — Bl sinh ol cosh Bl)/2,
2 = (B? — o?) sinh ol sinh S,
and

a; = (1P (pia — 295 + yia)-

Representation (1.2) defines a unique double hyperbolic spline of inter-
polation provided only that Eqs. (1.3) define uniquely the M,’s and N,’s.
Instead of attempting to invert the doubly infinite block Toeplitz matrix
in (1.3), we note that (1.3) is equivalent to the following pair of systems of
equations

Cm -+ Con = a,
Dm + Do,n = 0,

1.4
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where
Ci=["0c¢ c3¢ 0 ]!
Co=["0cycyc, 0]
D, = [ 0 d1 ds dl 0 ],
Dy = [+ 0dy dy dy 0 -]
and
M_1 N_l ’ a;1 0
m= | M,|, n= | N, |, a=|a |, 0=10
0

M]_ N1 al

We attempt to solve this system for the unknowns m, m by means of
substitution. We recall an important theorem on the invertibility of doubly
infinite Toeplitz matrices. Consider the Toeplitz matrix

Co €1 C_s
¢ ¢ €,

and define ¢(6) = X, . c,e™. If the ¢, are such that ¢ is a bounded
function, then we have

THEOREM 1.1. Ty is invertible if 1/¢ is essentially bounded. If T, exists,
it satisfies Ty* = Ty, where T}, is the Toeplitz matrix defined by the sequence
of Fourier coefficients of 1/¢ [5].

First we note that

THEOREM 1.2. D, is invertible for all B > o > 0.

For the proof of this we require the following.

LemMmA 1.3. If y > x then (i) ysinh xcoshy > xsinh y cosh x and
(ii) x sinh y > ysinh x, both for x, y > 0.

Proof. Consider the function f(t) = (¢ cosht)/sinh ¢ for ¢ > 0. Then
f'(t) = (sinh ¢ cosh ¢t — ¢)/sinh?¢. Now let g(¢) = sinh ¢ cosh £ — t. Then

1 We use this notation to denote a doubly infinite Toeplitz matrix in which a row may
be obtained from the preceding one by shifting all elements one column to the right.



178 ALAN M. BAUM

g(0) = 0and g'(¢) = 2sinh®¢ > Ofor ¢ > 0. Since g(¢) = g(0) + ff) g'(s) ds
g(t) > 0 for ¢t > 0. Thus f'(¢) > 0 for t+ > 0 and so f is monotonically
strictly increasing for ¢+ > 0. Hence f(y) > f(x) for y > x, which implies
y sinh x cosh y > x sinh y cosh x. (ii) is proved analogously.

Proof of Theorem 1.2. By Theorem 1.1, D, is invertible iff 1/(d, + 2d, cos 8)
is essentially bounded (for 0 < « < B) iff d, + 2d, cos 8 = 0 for all 8 iff
|dy| > 2| d,|; and this can be seen as follows. Lemma 1.3 implies | d, | = d,
and {d,| =d,. S0 |d,| >2]|d,]iff

Bl sinh of cosh ol — ol sinh Bl cosh ol > of sinh Bl — Bl sinh ol
iff
Bl(cosh BI + 1)/sinh BI > al(cosh ol + 1)/sinh o/  for 0 < a < B.
(1.5)

Now let f(t) = t(cosh ¢ + 1)/sinh ¢..So f'(¢) = (cosh ¢ + 1)(sinh # — ¢)/sinh? ¢,

and clearly f'(¢) > 0 for ¢ > 0. Thus fis monotonically strictly increasing for

t > 0 which yields the necessary inequality (1.5) for the invertibility of D, .
The second system of equations in (1.4) yields

n= —D;D,m, (1.6)
and substitution into the first system gives
[Ci — C,D;'D;lm = a. .7

Before answering the question of the invertibility of the matrix in (1.7),
we make a diversion from the case of the double hyperbolic spline to the
associated case of the quintic spline (« = B = 0) in which we show how to
invert the matrix, similar to the one in (1.7), which arises; the procedure
carries over to the matrix in (1.7) whenever it is invertible.

Utilizing the same technique as earlier in this section, we find for the
operator L = D3 on [x;, x;41],

Xjp1 — X X — X

SAx) = y; (——l—) + Vi ( ] ) + M; ['— é(x5+1 — x)

1 / 1
7 (g — 0] 4 M [— g — x) + g7 (8 — %]
73 / 1
+ N; [36—6 (i1 — X) — 3¢ (X1 — x)* + Tao7 Fivs — x)s]
78 ) 1
-+ Nj+l [360 (.X - x]') - % (x - xj):i + 1201 (x - x:i)5]e (1 8)
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and there result, after some straightforward computations,
1/6)[--- 01410 --Jm— (%360)[--07167 0 -n = a, 19
[0 —12—10 -Jm+¥6)[-01410 n=0

as the equations of continuity of the first and third derivatives of S, at x;,
j=0,+1,42,...

Using the same names, C;, C,, D;, D,, for the matrices in (1.9) corre-
sponding to those in (1.4), we observe the following important fact in both
cases. Since D, is always of the form Ky[--- 012910 -}, 5 > 1, and G, is
of the form K,[---012» 10 --], although we claim nothing about the size
of v, we have

LemmA 14. C,D;' = D;'C,.

Proof. D3' = (1/2(n2 — 1)'2)[-- u2 1 p p2+++] (an application of
Theorem 1.1; see [2]), so

[... 0 l 2V 1 0 ...][... “2 7 1 I “2 ...]
=[ £ Qup + 1+ p?) pQup + 1+ p?) Qup + 1 4 p?)
20+ ) Qvp + 1+ p® pQrp + L4 p?) p2Qup + 1+ p?) -]
— [... ”2 7 1 ® H‘2 ...][... 0 1 2V l 0 ...].

Therefore, Eq. (1.7) becomes
[C, — D;*CoD Im = a. (1.10)

Now, because D, is invertible, D,[C, — D;'C,D,] = D,C, — C,D, is
invertible iff [C; — C,D3'D,] is. So we left multiply Eq. (1.10) by D, and
attempt to solve

[D,C; — CoDi{Jm = Da. (1.11)
Whenever [D,C, — C,D,] is invertible,
m = [D,C; — C,D,} ! Dja, (1.12)
and from (1.6)
n = —D;'D,[D,C; — C,D,] ™ Da. (1.13)

We will show momentarily that [D,C; — C,D,], when it exists, is of the form
K3[ )\2A 1 )\)‘2 ] _ K4[... cz c 1 C cz ], With —1 < )\’ c < 0; and,
therefore, by the same argument used to establish Lemma 1.4, it is clear that
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D, commutes with [D,C, — C,D;]%, and D, commutes with D;*. Hence
(1.13) becomes

n = —D,D;'D,[D,C; — C,D,}  a = —Dy[D,C;, — C,D,] a. (1.14)

We see from Eqgs. (1.12) and (1.14) that it is only necessary to invert one
Toeplitz matrix in order to find m and n and thereby evaluate the quintic
or double hyperbolic splines on R. The existence of these splines, provided
[D,C, — C,D,] is invertible, becomes a question (as was the case in [2]) of
the choice of the interpolation data { y;} in such a manner that the necessary
sums represented in (1.12) and (1.14) for m and n converge.

Now we come to the crux of the matter, the invertibility of [D,C; — C,D,].
In the quintic case (1.9), (1.11) becomes

{(236)[-01410-]--01410 -]

+ (%/360)[--- 0716 70 ][0 —1 2 —1 0 -~]im
= (601410 ]a, (1.15)
or
(72/120)[--- 01 26 66 26 1 0 +"lm = (/%/6)[-- 0 1 4 1 O ---]a,
(1.16)
and so we define the function ¢ as
#(0) = (12/120)(66 + 52 cos 6 + 2 cos 26)
= (I?/120)(66 + 52 cos 8 + 2(2 cos® 6 — 1)) (1.17)
= (I*/30)(cos? 8 + 13 cos 8 + 16).

Again, to invert the matrix on the left-hand side of (1.16) we must calculate
the Fourier coefficients of 1/4(6). First note that ¢(f) # 0 for all 8 since

2 13 4 (105)1/2 13 — (105)1/2
0 = Jyfeos 0 SEQ ), 13097,

and ((13 4- (105)'/3)/2) > 1. Now, letting a,, be the Fourier coefficients of 1/¢,

we find by a computation which we spare the reader, involving the evaluation
of coefficients by residues, that

[y (s @
~ (105)172 [ (rz — 12 (2 — 1) )

a, = a,

where r = ((13 + (105)!/%)/2) and s = ((13 — (105)*/%)/2),forn =0, 1, 2,....
SO [D2C1 - C2D1]—1 IS

—30 1

1
2(105)172 |(r® — 1)172 [

X2 A1 A ...]_m[... rri1ee ...]g’
(1.18)




DOUBLE HYPERBOLIC SPLINES 181

where A = —r + (r2 — 1)1/2 and ¢ = —s + (s* — 1)'/2, Equations (1.12)
and (1.14) then become

= 1 . . .
m — (o (Grm L M A AN N ()
22 X) (1 + 4+ A2 AL+ 4X+ ) R(1 + 84X -+ X -]
Gl B 40 ) L0 AL D) (L 4L D)
20+ QA +4L+0) A +4+0) A0 +40+ ) ] a
and
n = ,2(]52?1/2 (,(21__1;‘1)/2 [ XA—1) AA—1) A—1) 2 A—1) X\A—1)

XA — 1) -]

s W @D 2 @ W

HE—1) -] a (1.19)

We return now to the question of the invertibility of the matrix in (1.11).
First, we will show that the entries in the matrices in (1.4) converge to the
corresponding ones in (1.9) in the limit as «, 8 — 0 for a suitable choice of
o < B. We have

LemMA 1.5, Leta = af*forn > 2,0 < a < 1, and let B — 0. Then, for
¢, d;, 1 = 1,..., 4, defined following (1.3), we have

lim e, = 16, lim ¢; = 2/3, lim ¢, — —72/360, lim ¢, — —1612/360,
limdy = —1, limdy—2,  limdy — 16, lim d, — 217/3.

Proof. For small 8, from the definition of ¢, and the Taylor expansion of
sinh x for small x, we have

— (a?BBRA(B® — a?Ben)(afnl 1 - )(BI + )
) [(134 — a4ﬁ4n)( Bnl -+ a3B ‘3 )(Bl Bal )

— aprip* (Bl -+ B3 g + o) + atgingl (gl + £ ’3 A -]
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— (a*Bn+5l - - —1[34( a B 13 )(,31 + 28 /31 )

_ g (g ) o a"‘!f‘!"ﬁ )]

a3/83n+5l4
OB

= (a3l + ...)—1(

_ 140 1
“5Tam e PO

where - indicates lower order terms. The other terms are handled similarly.
A similar argument holds if n = 1, i.e.,if« = aB,0 <a < 1,as B — 0. In
that case, the dominant term in the denominator has a factor of 82 — 428" ==
B2(1 — a?), and in the numerator, terms involving 85*+3 are of the same
order (8%) as B3"+> and combine to give an identical factor of (1 — a?). So
we have the required convergence for « = af", 0 <a < 1,n > 1,as § > 0.

It follows from the above that the entries in the matrix D,C; — C,D, in
Eq. (1.11) converge to those in (1.15). Since there is only a finite number of
nonzero entries in any row (and all the rows are identical except for a shift),
we may conclude that, for sufficiently small 8, the matrix in (1.11) is invertible
by virtue of the following argument.

Let £ be the Banach space of all bounded doubly infinite sequences of
reals with sup norm; ie., £ = {x = (..., X 3, X1, Xp, X1, Xg,...): | X{| =
SUP_weicw | X; | << o0}, Then the matrix 02C1 CyD, of (1.15) or (1.16) is a
bounded linear operator, in the induced operator norm, mapping E to E.
Call this operator T. It is clear that T is linear and that it is bounded follows
from the fact that

2
eox; + Z en(Xiin + Xion)

n=1

Tx{= sup [(Tx);| = sup

—ooLi<e — 20 <0

I!xl(!eo\+2 2 | ey )=HXHB,

where T = [-0eye; ¢4, ¢, 0 -+]. Similarly, 7 is the bounded linear
operator defined by D,C, — C,D; of (1.11). We have the well-known [3]

THEOREM 1.6. If T is a bounded linear operator from E to E having a
bounded linear inverse T, then any bounded linear operator T satisfying
I T — T < | T-*|-* has a bounded linear inverse T-1 satisfying

(T2 =T <ITHRIT — THA =T = T) - T2
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Since, by the choice of «, 8 we make || T — T arbitrarily small, it follows
that the matrix in (1.11) is invertible for such values of «, B, and that 71 is
close to 7! as measured in the induced operator norm, which is, in fact,
the row—max norm. (For any bounded linear operator on E, not just a
symmetric Toeplitz matrix, the bound B on the norm of the operator,
obtained in a manner similar to that on the preceding page, can be reached
by an appropriate choice of the sequence x, having values - 1; therefore, the
norm of such an operator is, in fact, B = SUP_.cicwo Yoo | €7 |» the sup
of the sums of the absolute values of the entries on each row.)

It is also true that the coefficients of the unknowns in representation (1.2)
converge to the corresponding ones in representation (1.8) as «, § — 0. We
see this in

LemMma 1.7. The coefficients of M;, M;.;, N;, N;;; in (1.2) converge,
respectively, to those in (1.8) if « = af™, n > 2,0 <a < 1,and 8 — 0.

Proof. Consider the coefficient of M; in (1.2), call it z. Then for small 3,
Z == (aZBZnBZ(IB.'Z — a2/32n)(aﬁnl + ...)(Bl _+_ ...))*1
-[—wk—fﬁﬂ(BW4—“B”3 (B BE g ) (Fe =X

l
B (8 + BE ) (aprte — )+ D
- a4B4n( B ]38 "')(B(xj—u —x) -+ E(_xﬁ;_':__x)i i )]

= (@3B 32 4 -+ [,84 (Bl + £ 3f + - )( 2 /33 ((xj2 — x)®

Py — )+ 2B

aB

wm~w-mm—m+)

+ apin ( )( g (P(xj4y — ) — (xj50 — %))

+§wmﬂ—w~vm~m%+mﬂ

3Q33n
‘a‘?l— ((xjq — X — B(xj4y — x)) + )

= (aPB3rH5[2 )1 (
) 1 s
"_’—6(xi+1”—x)+€i(xi+1_"x)a as B—0.

Again, the other coefficients are handled similarly, and, in this case too, the
results hold even for n = 1.
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Lemmas 1.5 and 1.7 and Theorem 1.6 allow us to establish the following
THEOREM 1.8. For o« = af”, 0 < a < 1, n = 1, the double hyperbolic

spline on R* converges to the quintic spline on R* in the limit as 8 — 0.

Proof. Equations (1.11) and (1.15) take the form
IMm = D,a and Tm = D,a,
respectively. Therefore,
I — m|l = (7D, — T-'Dyal|
= |(TDy — T-'D, + T-1D, — T-'Dy)a||
S TN Dy — Dall + 11 Dol - || T2 — T2 [ 2,

which shows that i converges to m, and a similar argument shows that i
converges to m, as B — 0. Thus, the double hyperbolic spline defined by (1.2)
must converge to the quintic spline defined by (1.8) as 8 — 0.

For the double hyperbolic spline, the invertibility of {D,C; — C,D,] is
equivalent to the essential boundedness of 1/¢, where

$(0) = (dycs — cudy) + 2((dyc) — c4dy) + (dacs — Cady))
- cos 8 + 4(dye; — cud)) cos? 6.

It is, therefore, equivalent to the statement “the equation
[ol(sinh BI — BI) — B¥l(sinh o — al)] x? (1.20)
—[o3l(sinh BI(1 + cosh af) — Bl(cosh ol 4+ cosh BI))
—B3(sinh od(1 + cosh BI) — al(cosh o + cosh BI))]x
+ [a8] cosh al(sinh Bl — BI cosh BI) — B3 cosh Bl(sinh o — ol cosh al)] = 0
has no real roots with magnitude less than or equal to 1.”” A simple computer
program devised to test this for arbitrary 0 < « < B, I > 0, lends credence

to the fact that [D,C; — C,D,]is, in fact, invertible for all such «, 8, although
a rigorous proof escapes the author.

2. HiGHER-ORDER GENERALIZED SPLINES ON R!

Having seen how the procedure of using several unknown spline derivatives
in the representation of a spline works for the double hyperbolic and quintic
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splines on R! in the previous section, we now investigate the technique for
higher-order cases. We consider linear differential operators of the form

L =DD — o)(D — o) - (D — o), 2.1)

for 0 < oy << oy < -*» < a,, . A generalized spline satisfying L*LS, =0
on the mesh intervals can be written

SAX) = ¢y + ¢fx + ) (a; sinh a;x + b, cosh a,x) (2.2)

i=1
on [x;,x;,,]. Using the known interpolation data y;, y,,; and the 2n
ux”lknowns, M3, My, , M2, M 2 1. M® M7, representing, respectively,
SA(x)s Sa(x541)s S4V0), SGV(XKs)s-s STV(x,), ST (x;,41), We have a system
of 2n -+ 2 equations for the 2n + 2 unknown coefficients ¢/, ¢/?, {a/},

b/}

"1 x;  sinhogx; coshax; -+ sinha,x; coshou,x;
1 x;,, sinhoyx;,y cosheyx;,, -+ sinha,x;,; cosha,x;,;
0 0 o%inhoyx; og%coshayx; -+ a,’inhagx;  ay2cosha,x;
0 0 woy%inhogx;.; og%coshogx;,, -+ osinha,x; .y a.2cosho,x; ; |c=u,
0 0 offsinhayx; of"coshayx; -+ alisinha,x;  of'cosha,x;
2nqy 2n, . 2ngq 2n
[0 0 ofnsinhayx, | of”coshax; ad'sinhe X, a2*cosho, x; ) |

(2.3)

where ¢ = [¢, ¢, @, by, a2, b,/T and w = [y,,y,.q, M, M}, ...,
My, MY

Dividing the matrix in (2.3) into 2 X 2 block submatrices, it is easy to see
it is of the form

(4)  (4) - (4
©) ad) - aA,)
O 0¥d) a4 |, (2.4)
©) a(4) - a2n(4)

rtox [ sinhagx;  cosh oyx; . ‘
(o) = [1 ]’ (o) = [sinh o;Xj1, cosh ocix,-ﬂ]’ = Loon,

0-1
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The matrix (2.4) can be factored as

M O O [ © ()
© w) M| © ) - ©

© o) - 2] ©) (©) - (4,)

; 2.5)

where

o= 7}

Now, the matrix on the right in (2.5) is invertible iff 4,, 4, ,..., 4, are. Since
X;41 > X;, Ao 1s invertible, and since det(4;) = cosh a;x;,, sinh a;x; —
sinh a;x;,, cosh a;x; = —sinh oyl % 0, A,,..., A, are invertible. Thus,
we have reduced the question of the invertibility of the matrix in (2.3) to the
invertibility of the left, matrix of (2.5). We have

THEOREM 2.1, The generalized Vandermonde determinant

@ @ M
AD A e AD

AP AT - A

AT — A,.)Ez. (2.6)

>3

The proof of this is an easy generalization of the standard proof for
Vandermonde determinants.

By our assumption 0 < oy < *-+ < a,,, we have that 0, «,%,..., a,2 are
distinct and, therefore, it follows directly from Theorem 2.1 that the matrix
on the left in (2.5) is invertible. It is this fact which ensures the validity of the
representation of S, in terms of y;, ¥;., , {M;*, Mi,}i, for any operator of
the form (2.1), and is the basis for this entire aigebraic approach to generalized
splines through the use of multiple unknowns.

To find the M;”’s and thus specify the spline completely, we attempt to
solve the system of equations resulting from the continuity conditions on
S4,8%,..., SE1 at each x; . This system is

Cllml + C12m2 + _l_ Clnmn —a

1ml 20022 M —
C2:m + C'm? + +C2:m —(:) @7

Cimi + CmE 4 o = 0

where mé = [..., M}, , My, M ..J5, i = 1,...,n, a is as in Section 1 and
each C; is a tri-diagonal, symmetric, doubly infinite Toeplitz matrix.
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For example, septic splines, which are useful in applications, arise from the
operator L = D% and although (2.2) becomes a linear combination of
1, x, x%,..., x7, we still get the following system of equations for the unknowns
M = Si(x;), M2 = S§V(x,), M3? = S¥V(x;), which we use to represent S

(A3~ 01410 -Jm— (3 x5)[+-071670 ]m?
(%3 x T+ 031 64 31 0 - ]m® = a,

[0 —12—~10-]m' —(@3)[+ 01410 ]m (2.8)
+ (43 % 5H[+- 071670 -]md =0,
[+0—12—10-1m+@3)[F-01410 ]md=0.

As before, the procedure for solving (2.8) is substitution. We solve the last
equation for m® in terms of m? and substitute the result into the second
equation, which we then solve for m? in terms of m' and use both of these in
the first equation. For polynomial splines, the first two equations always
involve all the unknowns and succeeding equations involve one fewer
unknown at each step until the last equation involves only the two unknowns
m”, m"~!. For multiple hyperbolic splines this disappearance from succeeding
equations does not occur; the substitution procedure is still carried out,
however.

It is instructive, at this point, to mention, at least briefly, the technique of
Schoenberg for calculating polynomial splines on R'. He writes [4] a
polynomial spline (of odd degree £k — 1) on the uniform mesh {0, 41, 4+2,...}
in the form

o«

S4x) = Z c;Qux — j),

fR—
where
- i (K .
049 = (k= DY 3 (=" () bx = %
and
Xkt = xkot if x>0,
=0 if x <0.

0, vanishes outsides (0, k), so the sum in the expression for S, creates no
problems.

The calculation of the coefficients ¢; for given interpolation data {y;}
involves a process identical to that of inverting the Toeplitz matrices which
arise by our technique. To evaluate the spline explicitly, it is necessary to
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calculate the function Qu(x) = My (x — k/2) (see [4]). The major dis-
advantages to this approach are its apparent confinement to polynomial
splines (it is not at all clear to this author, what, if anything, corresponding
to @, can be constructed for generalized splines; although let it not be
assumed that Schoenberg makes any such claims for its extensibility) and the
restriction to interpolation data satisfying || 4%y ||, << co where || - ||, is the
usual norm for /, (1 < p < o),

0 l/p .
I\pr=(Z !le’“) if 1<p<oo,

j=—o0
and

l| % llo = sup | x; |.

The applicability of our approach to other types of constant coefficient
differential operators L, such as those with irreducible quadratic factors
(over the reals) or with repeated factors, is expected to be much the same.
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